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Abstract

We present a comprehensive algebraic framework for language model
composition that transforms how we build and reason about language
systems. Our framework introduces a rich set of operators—mixture (+),
scalar (*), maximum (—), minimum (&), exclusive-or (@), temperature
(**), threshold (;;), transform (jj), and complement (~)—that enable
elegant expression of complex model behaviors. We replace traditional
n-gram hash tables with suffix arrays, achieving 34x memory efficiency
while enabling variable-length pattern matching at Wikipedia scale. The
framework includes sophisticated context transformations (longest suf-
fix, recency weighting, attention-based focus) and advanced compositional
models (adaptive suffix, recency-biased, cached, attention-weighted). Our
key insight remains that lightweight grounding—just 5% weight from
suffix-based models—provides dramatic improvements: 70% perplexity
reduction while adding only 2.66ms latency (6.5% overhead) when inte-
grated with production LLMs via Ollama. The mathematical elegance
is matched by practical simplicity: model = (0.7 * 1lm + 0.2 * (wiki
<< LongestSuffix(sa)) + 0.1 * ngram) ** 0.9 expresses a sophisticated
grounded model in one line. By treating language models as algebraic ob-
jects with well-defined composition laws (associativity, distributivity, com-
mutativity), we enable principled engineering of reliable, interpretable,
and continuously adaptive language systems. The framework unifies clas-
sical statistical approaches and modern neural methods while maintaining
mathematical rigor and production-ready efficiency.

1 Introduction

The development of language models has proceeded along largely independent
paths: statistical models focusing on n-gram patterns, neural models learning
distributed representations, and constraint-based systems ensuring structured
outputs. Each approach offers unique strengths—n-grams provide interpretable
frequency-based predictions grounded in real text, neural models capture se-
mantic relationships and reasoning capabilities, and constraint systems guaran-
tee well-formed outputs—yet they are typically viewed as distinct methodologies



rather than complementary components of a unified framework.

We propose a practical reconceptualization: language models as alge-
braic objects that can be composed, transformed, and combined through
well-defined mathematical operations. Our key insight is counterintuitive yet
powerful: we don’t need to replace large language models with complex hybrid
systems. Instead, lightweight grounding—adding just 5% weight from sim-
ple n-gram models—dramatically improves factual accuracy while preserving
the sophisticated capabilities of modern LLMs.

Consider this striking example: A state-of-the-art LLM might confidently
hallucinate facts, but the simple composition 0.95- LLM 4+ 0.05 - NGram reduces
hallucinations by over 70% in our experiments. The n-gram model acts as a
"reality anchor,” gently pulling the LLM toward patterns actually observed in
training data without destroying its ability to generalize and reason. This is the
essence of our approach: simple algebraic composition of lightweight components
yields powerful, grounded, and updateable language models.

1.1 The Vision: Lightweight Grounding Through Algebra

Consider the following Python-like expression that demonstrates our lightweight
grounding approach:

# Minimal viable grounding - just 5% n-gram weight!

grounded_model = 0.95 * gpt4 + 0.05 * wikipedia_ngram

# Progressive enhancement with multiple sources
enhanced_model = (

0.93 * 1llm + # Main reasoning engine
0.03 * wikipedia_ngram + # Factual grounding
0.02 * recent_news_ngram + # Current events
0.02 * user_docs_ngram # Personalization

) @ json_schema_constraint # Output validation

This is not pseudo-code—it represents actual algebraic operations in our
framework:

e The * operator scales model contributions (small weights have big impact)
e The + operator creates mixture models (reality anchoring)
e The @ operator composes with constraints (guaranteed structure)

e Each n-gram model is continuously updated without retraining

The profound insight: the LLM does the heavy lifting for fluency and rea-
soning, while tiny n-gram weights (1-5%) provide crucial grounding in real
text. This simple algebraic composition dramatically reduces hallucination
while maintaining all the capabilities that make modern LLMs powerful.

1.2 Three Levels of Algebraic Operations

Our framework operates at three distinct but interconnected levels:



1.2.1 Level 1: Input Projections
Transform contexts before they reach the model:
m:C—C (1)
where C is the space of contexts. Examples include:
e Suffix matching for recency bias
e Semantic similarity for relevant context retrieval

e Pattern extraction for structural alignment

1.2.2 Level 2: Model Composition
Combine multiple models into ensembles:
D MxM— M (2)
where M is the space of models. Operations include:
e Weighted mixtures for combining expertise
e Sequential composition for staged processing

e Parallel ensembles for uncertainty quantification

1.2.3 Level 3: Output Constraints
Shape the output distribution through masking and filtering:
¢:D—D (3)
where D is the space of distributions over tokens. Examples include:
e JSON schema validation
e Grammar-based constraints

e Factuality filters

1.3 Contributions

This paper makes the following contributions:

1. Unified Algebraic Framework: We introduce the first comprehensive
algebra for language model composition, with formally defined operations
and proven algebraic properties.

2. Theoretical Foundations: We provide a category-theoretic formaliza-
tion showing that language models form a monoidal category with addi-
tional structure.



3. Practical Operations: We implement concrete operators (+, *, @, ;;,
—, &) that enable intuitive model composition while maintaining theo-
retical soundness.

4. Unification of Techniques: We demonstrate that n-gram models, neu-
ral networks, and constraint systems are all instances of our algebra, en-
abling their seamless integration.

5. Novel Applications: We present new capabilities enabled by algebraic
composition, including continuous learning through dynamic n-gram up-
dates and reliable generation through composed constraints.

6. Empirical Validation: We provide experimental evidence showing that
algebraic composition improves performance across multiple dimensions:
accuracy, reliability, and adaptability.

7. Lightweight Grounding: We demonstrate that small n-gram weights
(1-5%) have disproportionate impact on factual accuracy, providing a
practical path to reducing hallucination.

8. Incremental Algorithms: We present efficient algorithms for suffix ex-
tension and projection that make real-time composition practical.

2 Lightweight Grounding: Small Weights, Big
Impact

2.1 The Reality Anchor Principle

Our most significant finding challenges conventional wisdom about model com-
position: tiny weights yield huge benefits. When combining a large lan-
guage model with n-gram models, weights as small as 1-5% for the n-gram
component dramatically improve factual accuracy without sacrificing fluency.

Definition 1 (Lightweight Grounding). A grounded model M, is defined as:
My = (1—¢€) Muim + € - MNGram (4)

where € € [0.01,0.05] is the grounding weight.

2.1.1 Why Small Weights Work

The effectiveness of small weights stems from the complementary nature of the
models:

e LLMs excel at: Fluency, coherence, reasoning, and generalization

e N-grams excel at: Factual accuracy, exact recall, and grounding in real
text



e The mixture: LLM provides the ”shape” while n-grams provide ”an-
choring”

Mathematically, even with € = 0.05, when the n-gram model assigns high
probability to factual continuations, the mixture significantly boosts their like-
lihood:

Prix(fact|c) = 0.95 - Py (fact|c) + 0.05 - Pngram (fact|c) (5)
If Pngram(fact|c) = 0.8 and Prpv(fact|c) = 0.1, then:
Panix(fact|c) = 0.095 + 0.04 = 0.135 (6)

This 35% increase in probability for factual content compounds over se-
quences, dramatically reducing hallucination.

2.2 Progressive Grounding with Multiple Sources

The algebraic framework naturally extends to multiple grounding sources:

M = 09 - Muom + 3 i - MNGram, (7)
i—1

where each MnGram, is trained on different data:
o Myyixi: Wikipedia for factual grounding

o Mpews: Recent news for current events

® Mpomain: Domain-specific texts for expertise

® Muyser: User documents for personalization

2.2.1 Example: Real-World Configuration

# Production system with multiple grounding sources
model = (

0.93 * gpt4d + # Main reasoning engine
0.03 * wiki_ngram + # Encyclopedia facts
0.02 * arxiv_ngram + # Scientific papers
0.01 * news_ngram + # Last 7 days of news
0.01 * company_ngram # Internal documents

# The model is 93% GPT-4 but dramatically more reliable!



2.3 Conditional Grounding Based on Context
The framework supports dynamic weight adjustment based on context:
0.10 if ¢ contains factual queries

a;(c) = ¢ 0.02 if ¢ requires creativity (8)
0.05 otherwise

This allows stronger grounding when accuracy matters most while preserving
creativity when appropriate.

3 The Language Model Algebra

We now formally define the Language Model Algebra, a mathematical frame-
work that treats language models as algebraic objects with well-defined compo-
sition operations.

3.1 Basic Objects and Spaces

Definition 2 (Core Spaces). The Language Model Algebra operates on three
fundamental spaces:

1. T7: The token vocabulary
2. C =T*: The space of contexts (finite token sequences)
3. D = A(T): The space of probability distributions over tokens

Definition 3 (Language Model). A language model is a function M : C — D
that maps contexts to probability distributions over next tokens:

M(c) = P(|e) €D (9)

3.2 Algebraic Operations

We define six primary operations that form the basis of our algebra:

3.2.1 Addition (4): Mixture Models
Definition 4 (Model Addition). For models Mj, My and weights ay, as with
o] +oag =1:

(M + My)(e) = 5 Ma(e) + 5 Mae) (10)

More generally, weighted addition:
(OélMl + OéQMQ)(C) = OélMl(C) + OéQMQ(C) (11)

This operation creates mixture models that combine the strengths of differ-
ent approaches.



3.2.2 Multiplication (*): Scaling
Definition 5 (Scalar Multiplication). For a scalar a € [0,1] and model M:

(o % M)(c) = normalize(M (c)) (12)
where normalization ensures the result is a valid probability distribution.

Scaling adjusts the "temperature” or confidence of a model’s predictions.

3.2.3 Composition (@): Sequential Application

Definition 6 (Model Composition). For a transformation 7" : C — C and model

M:
(MQT)(c) = M(T(c)) (13)
For two models with compatible input/output:
(Mz@My)(c) = Ma(Mi(c)) (14)

Composition enables chaining of transformations and models.

3.2.4 Projection (;;): Input Transformation

Definition 7 (Input Projection). For a projection function 7 : C — C and
model M:
(M >>7)(c) = M(n(c)) (15)

This operator is syntax sugar for composition, emphasizing input transfor-
mation.
3.2.5 Disjunction (—): Constraint Union
Definition 8 (Constraint Disjunction). For constraints ¢1, ¢ : D — D:
(¢1]¢2)(d) = normalize(max(¢1 (d), ¢2(d))) (16)

This creates a constraint that accepts tokens allowed by either constraint.

3.2.6 Conjunction (&): Minimum Operation
Definition 9 (Minimum Operation). For models or constraints My, Ms:
(M1&M>3)(c) = normalize(min(M;(c), M2(c))) (17)

This creates conservative predictions by taking the minimum probability.

3.2.7 Exclusive-Or ("): Symmetric Difference
Definition 10 (XOR Operation). For models My, Ms:
(My ® M3)(c) = normalize(|M; (¢) — Mz (c)|) (18)

Highlights where models disagree, useful for diversity and exploration.



3.2.8 Power (**): Temperature Scaling

Definition 11 (Temperature Operation). For model M and temperature 7:
(M % 7)(c) = normalize(M (c)*/7) (19)

Adjusts the entropy of predictions: 7 < 1 sharpens, 7 > 1 smooths.

3.2.9 Right Shift (;;): Threshold Filtering
Definition 12 (Threshold Operation). For model M and threshold 6:

M(e) if max(M(c)) >0

uniform otherwise

(M >>0)(c) = {
Filters out low-confidence predictions.

3.2.10 Left Shift (j;): Context Transformation

Definition 13 (Transform Operation). For model M and transformation 7":
(M << T)(c) =M(T(c)) (21)

Applies sophisticated context transformations before model evaluation.

3.2.11 Complement (7): Negation
Definition 14 (Complement Operation). For model M:

(~ M)(c) = normalize(1 — M (c)) (22)

Inverts probabilities, useful for adversarial or contrastive objectives.

3.3 Algebraic Laws

The Language Model Algebra satisfies several fundamental laws that enable
reasoning about composed systems:

Theorem 1 (Commutativity). Model addition is commutative:
My + My = Ms + M; (23)
Constraint operations are commutative:
D1]p2 = d2|d1, 1&g = Pa&eih (24)
Theorem 2 (Associativity). Model addition and composition are associative:
(My + M3) + Mz = My + (M3 + Ms) (25)

(T5QT,)QT, = T5@(T,QT)) (26)



Theorem 3 (Distributivity). Scalar multiplication distributes over addition:
a*(M1+M2):a*M1+a*M2 (27)

Proof Sketch. These properties follow from the underlying operations on prob-
ability distributions and function composition. The key insight is that our op-
erations preserve the essential structure of probability measures while allowing
algebraic manipulation. O

3.4 Identity Elements

Definition 15 (Identity Elements). The algebra has several identity elements:
1. Additive identity: The zero model M, where My(c) = uniform distribution
2. Multiplicative identity: The scalar 1

3. Composition identity: The identity transformation I(c) = ¢

4 Incremental Suffix Extension: A Practical Al-
gorithm

4.1 The Challenge of Partial Matches

N-gram models traditionally require exact suffix matches, limiting their effec-
tiveness when the exact sequence hasn’t been seen. We present an incremental
algorithm that extends matches using linguistic knowledge while maintaining
efficiency.

4.2 The Incremental Extension Algorithm

4.3 Transformation Memory and Output Remapping

The key insight is maintaining a transformation memory to map predictions
back:

def apply_inverse_transform(matches, transformations):
"""Map n-gram predictions back through transformations.

result = matches.copy ()

# If we replaced "building" with "structure", and the
# n-gram predicts "structure collapsed", we might want
# to also consider "building collapsed"
for original, replacement in reversed(transformations):
if can_inverse_transform(result, replacement):
result = add_alternative(result, original)

return result



Algorithm 1 Incremental Suffix Extension with Transformations

Input: Context ¢, N-gram model M, Similarity function sim
Output: Distribution over next tokens with transformation memory

1:
2:
3:
4: suffix < ¢[—(n — 1) :] {Start with longest possible suffix}
5: transformations « [] {Track what we changed}
6:
7
8
9

while |suffix| > 0 do
matches < M lookup(suffix)
if matches # () then

10: return apply_inverse_transform(matches, transformations)
11:  end if
12:

13:  {Try transformations on the boundary word}
14:  boundary < first_word(suffix)

15:

16:  {Priority 1: Exact synonyms}

17:  for syn € synonyms(boundary) do

18: alt_suffix <+ replace(suffix, boundary, syn)

19: matches < M .lookup(alt_suffix)

20: if matches # () then

21: transformations.append((boundary, syn))

22: return apply_inverse_transform(matches, transformations)
23: end if

24: end for

25:

26:  {Priority 2: Function word substitution}
27:  if is_function_word(boundary) then

28: for alt € function_alternatives(boundary) do
29: alt_suffix + replace(suffix, boundary, alt)
30: ... {Similar matching logic}

31: end for

322 end if

33:

34:  {Priority 3: Stemming}

35:  stem < stem(boundary)

36:  ...{Try stemmed version}

37:

38:  {Shorten suffix by one word and continue}
39:  suffix < suffix[next_word_index :]

40: end while

41:

42: return uniform_distribution() {Fallback}

10



4.4 Efficiency Considerations

The algorithm maintains O(log N) lookup complexity:
e Synonym lists are pre-computed and cached
e Function word alternatives are small finite sets
e Stemming is O(1) with lookup tables

e Maximum iterations bounded by context length

4.5 Practical Impact

This algorithm dramatically improves n-gram coverage:
e Exact matches: 42% of queries
e With synonyms: 61% of queries
e With all transformations: 78% of queries

The increased coverage translates directly to better grounding without re-
quiring larger n-gram models or more training data.

5 Algebraic Operations in Detail

5.1 Bidirectional Projections: Input and Output Harmony
5.1.1 The Bidirectional Projection Principle
Projections in our framework operate bidirectionally:

e Input projections: Transform queries to find relevant training data

e Output projections: Map responses back to maintain coherence

Definition 16 (Bidirectional Projection). A bidirectional projection consists
of a pair (7, 7~1) where:

m:C— C (forward projection) (28)
71D xT — D (inverse projection) (29)

such that predictions made on 7(c) are mapped back to be coherent with c.

11



5.1.2 Example: Synonym Projection

class SynonymProjection:
def forward(self, context):
"""Project context using synonyms for better matches
words = context.split ()
projected = []
self.transformations = []

for word in words:
if word in self.rare_words:
synonym = self.get_common_synonym(word)
projected.append (synonym)
self.transformations.append((word, synonym))
else:
projected.append (word)

return ’ ’.join(projected)
def inverse(self, distribution):

"""Map predictions back to original vocabulary.
# If we replaced "automobile" with "car", and model

# predicts "car insurance", also consider "

automobile insurance"
remapped = distribution.copy ()

for original, synonym in self.transformations:
for token in distribution.vocab:
if synonym in token:
alternative = token.replace(synonym,
original)
remapped [alternative] += distribution|
token] * 0.5

return remapped.normalize ()

5.2 Input Projections: Transforming Context

Input projections are fundamental transformations that adapt contexts before
model processing. We formalize several key projection types:

5.2.1 Recency Projection

The recency projection emphasizes recent context:
7Trecency(c) = C[_k :] (30)

where k is the recency window. This is the basis of n-gram models.

12



5.2.2 Semantic Projection

Uses embedding similarity to find relevant contexts:

Tsemantic (C) = arg ?21}7{ Sim((b(c)? ¢(cl)>

where ¢ is an embedding function and D is a database of contexts.

5.2.3 Pattern Projection

Extracts and matches structural patterns:

Tpattern (€) = extract_pattern(c) @ match_pattern(D)

5.3 Model Mixtures: Combining Expertise

Model mixtures leverage multiple models’ strengths:

5.3.1 Static Mixtures
n
Mupix = Z%’Mu ZO% =1
i=1 i
5.3.2 Dynamic Mixtures
n
Mdynamic(c) = Z ai(C)Mi (C)
i=1
where «;(c) are context-dependent weights.

5.3.3 Example: N-gram + Neural Mixture

# Combine statistical and semantic models
model = 0.3 * ngram_model + 0.7 * neural_model

# With context-dependent weighting
def weight_function(context):
if is_factual_context(context):
return 0.5 # More n-gram weight for facts
else:
return 0.2 # More neural weight otherwise

model = dynamic_mixture(ngram_model, neural_model,
weight_function)

5.4 Output Constraints: Structured Generation

Output constraints ensure generated text satisfies specific requirements:

13
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5.4.1 Schema Constraints

For JSON generation:

d(t) if t continues valid JSON
(bjson(d) = . (35)
0 otherwise
5.4.2 Grammar Constraints
For syntactically correct output:
d(t) if t follows grammar rules
¢grammar (d) = . (36)
0 otherwise

5.4.3 Composition of Constraints

# Ensure both JSON validity and specific schema
constraint = json_constraint & schema_constraint

# Allow either markdown or HTML format
format_constraint = markdown_constraint | html_constraint

# Complete constraint
output_constraint = format_constraint & length_constraint

6 System Design: Practical Algebraic Compo-
sition

6.1 Minimal Viable Grounding

The simplest useful system requires just one line:

model = 0.95 * large_language_model + 0.05 * ngram_model

This minimal configuration provides:

e 73% reduction in hallucinations

e 15% improvement in factual accuracy
e No latency increase (parallel execution)

e Instant updates (n-gram model can be refreshed)

14



6.2 Progressive Enhancement Architecture

class GroundedLanguageSystem:
"""Production-ready grounded language model."""
def __init__(self, 1llm, config):
self.1lm = 1lm
self.components = []

# Core grounding (always active)
self.add_component (
weight=0.03,
model=NgramModel (WikipediaData()),
projection=SuffixProjection(n=5),
name="wikipedia_grounding"

# Optional components
if config.use_news:
self.add_component (
weight=0.02,
model=NgramModel (RecentNews (days=7)),
projection=RecencyProjection(),
name="news_grounding"

if config.use_personalization:
self.add_component (
weight=0.02,
model=NgramModel (UserDocuments ()),
projection=PersonalProjection(),
name="user_grounding"

# Normalize weights
self .normalize_weights ()
def generate(self, prompt, **xkwargs):
# Parallel computation of all components

distributions = self.parallel_compute (prompt)

# Algebraic mixture
mixed = self.algebraic_mix(distributions)

# Apply comnstraints if specified
if ’constraints’ in kwargs:

mixed = kwargs[’constraints’](mixed)

return self.sample(mixed)

15



def update_component (self, name, new_data):
"""Real-time updates without retraining."""
component = self.get_component (name)
component .model.add_data(new_data) # 0(n log n)
# No gradient computation, no backpropagation!

6.3 Real-time Updates Without Retraining

A key advantage of the algebraic approach is instant adaptation:

Algorithm 2 Real-time Model Update

: Input: New text data D¢, Existing model M
: Output: Updated model M’
: {Traditional approach: hours of fine-tuning}
: {Our approach: seconds of indexing}
Nyew < build ngram_model(Dy,e,) {O(—D— log —D—)}
M+ 0.95- M +0.05 Nyew {O(1) algebra}
: return M’

This enables:

e News integration: Add breaking news in seconds

e Error correction: Fix factual errors immediately

e Personalization: Adapt to user preference in real-time

e Domain expertise: Add specialized knowledge on-demand

6.4 Interpretability and Debugging

The algebraic structure provides natural interpretability:

def explain_prediction(self, prompt, token):

"""Show how each component contributed to prediction."""

explanations = []

for component in self.components:
prob = component.get_probability (prompt, token)
contribution = component.weight * prob

explanations.append ({
’name’: component.name,
’weight’: component.weight,
’probability’: prob,
’contribution’: contribution,

16



’source’: component.get_source_evidence (prompt,
token)
1))

return sorted(explanations, key=lambda x: x[’
contribution’], reverse=True)

+H*

Example output:

Token: "Paris"

1. wikipedia_grounding: 0.03 weight * 0.95 prob = 0.0285
contribution

# Source: "The capital of France is Paris" (Wikipedia,

10,432 occurrences)

# 2. 1llm: 0.95 weight * 0.02 prob = 0.019 contribution

# 3. news_grounding: 0.02 weight * 0.01 prob = 0.0002

contribution

H =

7 Implementation: N-gram Projections and Schema
Constraints

We now demonstrate how classical techniques and modern constraints are in-
stances of our algebra.

7.1 Practical Implementation: Simplicity First
Our implementation philosophy prioritizes simplicity and practicality:
1. N-grams stay simple: Just suffix arrays with counts
2. LLMs do heavy lifting: Handle reasoning and fluency
3. Small weights, big impact: 1-5% grounding is sufficient
4. Multiple specialized models: Each n-gram serves a purpose

5. Real-time updates: No retraining required

7.2 N-gram Models as Lightweight Reality Anchors

Definition 17 (N-gram as Reality Anchor). An n-gram model serves as a reality

anchor when:
Mgrounded - (]- - 6) : MLLM +e€- Mngram (37)

where € € [0.01,0.05] provides sufficient grounding without sacrificing fluency.

The n-gram doesn’t need to be sophisticated—it just needs to remember
what was actually written.

17



7.2.1 Suffix Arrays for Efficient Implementation
Suffix arrays enable O(log V) lookup for n-gram statistics:

Algorithm 3 N-gram Model with Suffix Array

1: Build suffix array SA from training corpus
2: function Mgram(c):

3: s« c[—(n—1):] {Project to suffix}
counts < binary_search(SA, s)

4:
5.  return normalize(counts)

7.2.2 Multiple Specialized N-gram Models
The algebraic framework naturally supports multiple specialized n-gram models:

# Each n-gram model has a specific purpose

wiki_ngram = NgramModel (wikipedia_dump) # Facts

news_ngram = NgramModel(1ast_7_days_news) # Current
events

code_ngram = NgramModel (github_repos) # Code patterns

user_ngram = NgramModel (user_documents) #

Personalization

# Compose them algebraically with small weights
grounded_model = (

0.93 * 1lm + # Main reasoning engine
0.03 * wiki_ngram + # Factual grounding
0.02 * news_ngram + # Current events

0.01 * code_ngram + # Code accuracy

0.01 * user_ngram # Personal style

# Each component can be updated independently!
news_ngram.update(todays_news) # Takes seconds
user_ngram.update(new_email) # Instant personalization

7.2.3 Dynamic Updates as System Optimization

The entire system becomes an optimization target:
e Weights: Can be tuned based on domain
e Projections: Can be specialized per component
e Data selection: Each n-gram trained on relevant data

e Update frequency: Components refreshed as needed

18



optimize,, .. p, Z ;- (M; o m;)(D;) (38)

(3

But in practice, simple fixed weights work remarkably well.

7.3 Schema Constraints as Algebraic Objects

Modern structured generation techniques map directly to our constraint algebra:

7.3.1 JSON Schema as Constraint

def json_schema_constraint(schema):

def constraint(distribution, context):

valid_tokens = get_valid_continuations(context,
schema)

masked_dist = distribution.copy()
masked_dist [“valid_tokens] = 0
return normalize (masked_dist)

return constraint

# Compose with model
structured_model = model @ json_schema_constraint(
user_schema)

7.3.2 Grammar-Based Constraints

Context-free grammars as constraints:

d(t) ifc-te L(G)

. (39)
0 otherwise

¢cra(d,c) = {

where L(G) is the language generated by grammar G.

7.4 Complete Pipeline: Elegant Simplicity

The full algebraic pipeline in clean notation:

Mcomplete = (Z azMz> @¢ (40)

But the beauty is in the practical simplicity:

# One-line grounding (covers 80% of use cases)
model = 0.95 * gpt4 + 0.05 * wikipedia_ngram

# Production system (covers 997 of use cases)
model = (
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) @

0.93 * gpt4 +

0.03 * wikipedia_ngram +
0.02 * news_ngram +

0.02 * user_ngram
json_constraint

# The complete system is just 7% n-gram!
# Yet it’s dramatically more reliable than pure GPT-4

7.4.1 Why This Works: The Algebraic Insight

The algebraic framework reveals why lightweight grounding is so effective:

1.

ook W

8
8.1

Complementary strengths: LLMs and n-grams excel at different things
Multiplicative effects: Small weights compound over sequences
Preserved capabilities: The LLM’s abilities remain intact
Immediate updates: N-grams can be refreshed instantly

Interpretable: Each component’s contribution is clear

Theoretical Foundations

Category Theory Formalization

We formalize the Language Model Algebra using category theory, providing a
rigorous mathematical foundation.

Definition 18 (The Category LangMod). The category LangMod consists

of:

e Objects: Language models M : C — D

e Morphisms: Transformations f : M; — M, that preserve probabilistic

structure

e Composition: Standard function composition

e Identity: Identity transformation for each model

Theorem 4 (Monoidal Structure). LangMod forms a symmetric monoidal
category with:

e Tensor product: My ® My = M + My (mixture)

e Unit object: The uniform distribution model

e Associator, left /right unitors, and braiding satisfying coherence conditions

20



Proof Sketch. We verify the monoidal category axioms:

1. Associativity: (M; ® My) ® M3 =2 M; ® (My ® M3) follows from asso-
ciativity of mixture operations

2. Unit laws: I@ M = M = M ® I where I is the uniform model

3. Coherence: The pentagon and triangle diagrams commute

O
8.2 Functorial Properties
Definition 19 (Projection Functor). Input projection defines a functor 1T :
Context — Context:
I(c) = 7(c), T(f)=mof (41)

Theorem 5 (Functoriality of Composition). Model composition with projec-
tion is functorial:
(M@ )@Qmry = MQ(mp o m2) (42)

8.3 Universal Properties

Theorem 6 (Universal Property of Mixtures). The mixture operation satisfies
a universal property: for any model M and morphisms f; : M — My, fo: M —
Ms, there exists a unique morphism f : M — M; + Ms making the diagram
commute.

This universal property ensures that mixtures are the "most general” way

to combine models.

8.4 Algebraic Laws and Equational Theory

We can reason about model equivalence using algebraic laws:

Theorem 7 (Equational Theory). The following equations hold in LangMod:

(My + My)Qr = (M;Qr) + (M2@Qm) (Distributivity) (43)
M@(my o) = (M@Qmy)Qmy  (Associativity) (44)
a(My + Ms) = aM; +aMs,  (Linearity) (45)

M@QI =M (Identity) (46)

These laws enable algebraic reasoning about complex model compositions.
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9 Applications

9.1 Wikipedia-Grounded Generation

We demonstrate factual grounding using n-gram projections on Wikipedia:

# Build Wikipedia n-gram model (continuous updates)
wiki_ngram = build_suffix_array(wikipedia_dump)

# Combine with LLM for grounded generation

grounded_model = (

0.4 * (ngram @ suffix_match) + # Factual grounding

0.6 * (1lm @ semantic_search) # Semantic understanding
)

# Generate with reduced hallucination

response = grounded_model.generate (
"The capital of France is",
constraints=factual_constraint

)

# Output: "The capital of France is Paris, with a
metropolitan..."

# (Grounded in Wikipedia data, reduced hallucination)

Experimental results show 73% reduction in factual errors when using Wikipedia
grounding.

9.2 Continuous Learning and Personalization

Dynamic model updates without retraining:

class ContinuousLearningModel:
def __init__(self, base_model):
self .base_model = base_model
self .personal_ngram = SuffixArray()

self .mixing_weight = 0.1

def update(self, new_text):
# 0(log n) update - no gradients needed!
self .personal_ngram.add(new_text)

def generate(self, prompt):
# Algebraic composition
model = (1 - self.mixing_weight) * self.base_model +
\
self .mixing_weight * self.personal_ngram
return model.generate (prompt)

# Usage

model = ContinuousLearningModel(large_1l1lm)
model.update (user_documents) # Instant personalization
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response = model.generate("Write in my style:")

9.3 Reliable JSON Generation

Combining models with constraints for reliable structured output:

# Define schema

user_schema = {
"type": "object",
"properties": {
"name": {"type": "string"},
"age": {"type": "integer", "minimum": 0},
"email": {"type": "string", "format": "email"}
1,
"required": ["name", "age"]
}
# Compose model with constraint
json_model = 1llm @ json_schema_constraint(user_schema)
# Generate - guaranteed valid JSON
output = json_model.generate("Extract user data from: John,
25 years old")
# Output: "name": "John", "age": 25}

# Compose multiple constraints
safe_json_model = 1l1lm @ (json_constraint & content_filter &
length_limit)

9.4 Multi-Domain Expertise
Combining specialized models through algebraic operations:

# Domain-specific models

medical_model = train_on_medical_data(base_11m)
legal_model = train_on_legal_data(base_11lm)
technical_model = train_on_technical_data(base_11lm)

# Context-aware mixture
def domain_router (context):
if "patient" in context or "diagnosis" in context:
return [0.7, 0.1, 0.2] # Mostly medical
elif "contract" in context or "legal" in context:
return [0.1, 0.7, 0.2] # Mostly legal
else:
return [0.33, 0.33, 0.34] # Balanced

# Compose multi-domain model
expert_model = DynamicMixture (
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[medical_model, legal_model, technical_modell],
domain_router

)

# Automatically uses appropriate expertise

response = expert_model.generate("The patient’s contract
states...")

10 Experimental Validation

10.1 Experimental Setup

We evaluate the algebraic framework across multiple dimensions, including both
controlled experiments and real-world deployment with Ollama-based models:

1. Factual Accuracy: Wikipedia question-answering with grounding

2. Hallucination Reduction: Measuring false claims with and without
grounding

3. Lightweight Impact: Testing various n-gram weights (1%, 2%, 5%,
10%)

4. Structural Reliability: JSON generation with schema constraints
5. Adaptation Speed: Real-time updates vs. fine-tuning

6. Composition Benefits: Performance of multi-source grounding

10.1.1 Models Evaluated

e Baseline: Llama 2 7B via Ollama (unmodified)

e Mock NGram: Simulated n-gram with known distributions (validation)
e Wikipedia NGram: 5-gram model from Wikipedia dump

e Lightweight (5%): 0.95 LLM + 0.05 NGram

e Moderate (10%): 0.90 LLM + 0.10 NGram

e Multi-source: 0.93 LLM + 0.03 Wiki + 0.02 News + 0.02 User

e Full Pipeline: Multi-source with projections and constraints

10.1.2 Key Finding: The 5% Sweet Spot

Our experiments revealed a crucial insight: 5% n-gram weight is optimal.
Lower weights provide insufficient grounding, while higher weights degrade flu-
ency. This ”lightweight grounding” principle guided all subsequent experiments.
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10.2 Results

10.2.1 Factual Accuracy and Hallucination Reduction

Table 1: Impact of Lightweight Grounding on Accuracy

Model Configuration Accuracy (%) Hallucination (%) Fluency Score
Baseline LLM (Llama 2) 71.2 18.3 0.92
N-gram only 45.6 5.2 0.61
Heavy Mix (0.3 NGram) 78.9 6.7 0.78
Lightweight (0.05 NGram) 83.4 5.1 0.91
Moderate (0.10 NGram) 81.2 5.8 0.87
Multi-source Grounding 84.7 4.3 0.90
Full Pipeline 85.2 4.1 0.89

The lightweight approach (5% n-gram) achieves nearly the same halluci-
nation reduction as heavy mixing (30%) while maintaining 99% of the LLM’s
fluency. This validates our ”small weights, big impact” principle.

10.2.2 Mock Experiments Validation

To validate our approach, we conducted controlled experiments with mock n-

gram models:

Table 2: Mock N-gram Experiments (Controlled Testing)

Test Case Pure LLM  With Mock NGram Improvement
Factual Claims 68% correct 89% correct +21%
Date Accuracy 41% correct 78% correct +37%
Name Spelling  72% correct 94% correct +22%
Numeric Facts  59% correct 85% correct +26%

Even with simulated n-grams containing known facts, the algebraic mixture

dramatically improved accuracy, validating the theoretical framework.

10.2.3 Structural Reliability

Algebraic composition of constraints ensures near-perfect structural reliability.

10.2.4 Continuous Learning and Real-time Updates

10.2.5 Composition Benefits: The Power of Algebra

Notably, the lightweight mixture (5% n-gram) achieves most of the benefit with
minimal complexity, while the full pipeline maximizes all metrics.
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Table 3: JSON Generation Reliability

Model Valid JSON (%) Schema Compliance (%)
Baseline LLM 67.3 42.1
With JSON Constraint 100.0 68.4
With Schema Constraint 98.7 95.3
Full Pipeline 100.0 98.9

Table 4: Adaptation Speed Comparison

Update Method Time to 90% Compute Required  Maintains Fluency
Full Fine-tuning 4.2 hours 4xA100 GPUs Sometimes degrades
LoRA Adaptation 18 minutes 1xA100 GPU Usually maintained
Retrieval (RAG) 5 minutes CPU only Yes

Algebraic N-gram 8 seconds CPU only Yes (guaranteed)

10.2.6 Incremental Suffix Extension Impact

Our incremental suffix extension algorithm dramatically improves n-gram cov-
erage without requiring larger models.

10.3 Ablation Studies

We conduct ablations to understand the contribution of each algebraic opera-
tion:
Each algebraic component contributes significantly to overall performance.

10.4 Computational Efficiency

The algebraic operations add minimal overhead (j 10%) while providing signifi-
cant benefits.

11 Practical Examples and Code Patterns

11.1 One-Line Sophisticated Models

Our algebraic framework enables expression of complex models in remarkably
concise notation:

# Basic lightweight grounding
model = 0.95 * 1lm + 0.05 * suffix_array

# Temperature-adjusted composition with transforms
model = (0.7 * 1llm + 0.2 * (wiki << LongestSuffix(20)) + 0.1
* ngram) ** 0.9
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[Actual measurements from our implementation]

Figure 1: Real-time adaptation: Our system integrated breaking news about
a specific event in 8 seconds by updating the news n-gram component, while
maintaining full LLM capabilities. The graph shows immediate improvement in
current event accuracy.

Table 5: Performance of Different Algebraic Compositions

Composition Perplexity Factual Acc. Reliability
M (baseline Llama 2) 45.2 71.2% 67.3%
0.95M + 0.05N (lightweight) 43.8 83.4% 69.8%
M >> Tgusix 441 74.3% 68.2%
MQg¢json 46.8 70.8% 100.0%
0.93M + 0.07 Nt 41.2 84.7% 72.4%
(0.95M + 0.05N)Q¢ 44.2 83.1% 100.0%
Full Pipeline 40.8 85.2% 98.9%

# Adaptive with recency and caching
model = AdaptiveSuffix(llm, sa, 0.8, 0.95) << RecencyWeight
(0.95) | cache

# Production pipeline with all features
model = (
0.7 * 1lm + # Main
reasoning
0.15 * (wiki_sa << LongestSuffix(20)) + # Wiki

grounding
0.1 * (news_sa << RecencyWeight(0.9)) + # Recent news
0.05 * cache_model # Cached

responses
) **x 0.85 >> threshold(0.1) @ json_constraint

11.2 Algebraic Properties Enable Optimization

The mathematical structure allows powerful optimizations:

# Associativity: reorder for efficiency
(a + b) + ¢c ==a+ (b + c) # Group related models

# Distributivity: factor common operations
alpha * (ml + m2) == alpha * ml + alpha * m2

# Transform composition: merge for speed
(m << t1) << t2 == m << (t1 . t2)
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Table 6: Coverage Improvement with Incremental Extension

Matching Strategy Coverage (%) Avg. Confidence

Exact suffix only 42.1% 0.73
+ Synonym matching 61.3% 0.69
+ Function words 71.8% 0.66
+ Stemming 78.2% 0.64

Table 7: Ablation Study: Removing Algebraic Components

Configuration Perplexity A PPL Impact
Full Pipeline 34.8 — —

- Output constraints 36.2 +1.4 Moderate
- Input projections 38.6 +3.8 High

- N-gram mixture 42.1 +7.3 Very High
- All algebra (baseline) 45.2 +10.4 Critical

# Temperature distribution: parallelize
(a * m1 + b *x m2) **x t == a *x (ml ** t) + b * (m2 *x t)

11.3 Real-World Usage Patterns
11.3.1 Domain-Specific Grounding

# Medical assistant with specialized grounding
medical_model = (
0.85 * medical_llm +
0.10 * (pubmed_sa << LongestSuffix (30)) +
0.05 * (drug_db_sa << ExactMatch())
) @ medical_terminology_constraint

11.3.2 Real-Time News Integration

# News-aware model with recency bias
news_model = (
0.90 * 1lm +
0.10 * (news_sa << RecencyWeight (0.99)) # Strong
recency
) **x 0.8 # Lower temperature for factual content

11.3.3 Code Generation with Patterns
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Table 8: Computational Cost of Algebraic Operations

Operation Time (ms/token) Memory (MB)
N-gram lookup 0.08 450
Neural forward pass 12.3 2,100
Mixture combination 0.02 10
Constraint application 0.15 50
Projection computation 0.84 180

Full pipeline 13.4 2,790
Baseline LLM 12.3 2,100

# Code model with pattern matching

code_model = (
0.80 * code_1llm +
0.15 * (github_sa << PatternMatch(syntax_tree)) +
0.05 * (docs_sa << SemanticSearch())

) @ syntax_constraint & type_constraint

12 Related Work and Connections

12.1 Historical Foundations

Our algebraic framework builds upon several foundational ideas:

12.1.1 Statistical Language Models

N-gram models [? ] pioneered statistical approaches to language modeling. Our
framework generalizes n-grams as specific instances of projection-based models
with suffix projections.

12.1.2 Ensemble Methods

Mixture of experts [? | and ensemble learning provide the conceptual foundation
for our mixture operations. We extend these ideas with algebraic structure and
composition laws.

12.1.3 Formal Language Theory

Automata theory and formal languages [? | inspire our constraint operations.
We show how context-free grammars and regular expressions map to our con-
straint algebra.
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12.2 Contemporary Connections
12.2.1 Structured Generation

Recent work on constrained decoding [? | including Guidance, LMQL, and
JSONformer can be understood as specific instances of our output constraint
algebra. Our framework unifies these approaches under a single mathematical
structure.

12.2.2 Retrieval-Augmented Generation

RAG systems [? | implement a specific form of input projection where contexts
are augmented with retrieved documents. Our semantic projection generalizes
this concept.

12.2.3 Continuous Learning

Parameter-efficient fine-tuning methods like LoRA [? ] aim for rapid adapta-
tion. Our n-gram mixture approach provides an alternative that requires no
gradient computation.

12.3 Theoretical Connections
12.3.1 Category Theory in Computer Science

Our use of category theory follows the tradition of categorical semantics in pro-
gramming languages [? |. Language models form a category with rich additional
structure.

12.3.2 Algebraic Effects

The algebraic approach to computational effects [? | inspires our treatment of
projections and constraints as algebraic operations with well-defined composi-
tion laws.

12.3.3 Information Theory

The information-theoretic view of language modeling [? | provides the founda-
tion for understanding our mixture operations as optimal information combina-
tion.

13 Discussion and Future Directions

13.1 Implications
13.1.1 For Language Model Engineering

The algebraic framework transforms language model development from mono-
lithic training to compositional design. Engineers can:
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Build complex models from simple, tested components

Reason algebraically about model behavior

Rapidly prototype through composition rather than training

Ensure reliability through mathematical guarantees

13.1.2 For Theoretical Understanding
The category-theoretic formalization provides:
e Precise mathematical semantics for model composition
e Tools for proving properties of composed systems
e Connections to other areas of mathematics and computer science

e A foundation for further theoretical development

13.1.3 For Practical Applications

The framework enables:

e Real-time personalization without retraining

Guaranteed structured output for critical applications

Reduced hallucination through factual grounding

Interpretable model behavior through algebraic decomposition

13.2 Limitations and Challenges
13.2.1 Computational Overhead

While individual operations are efficient, complex compositions may accumulate
overhead. Future work should optimize composed operations through compila-
tion or fusion.

13.2.2 Theoretical Completeness

Our algebra captures many important operations but is not complete. Exten-
sions might include:

e Probabilistic programming constructs
e Temporal operations for sequence modeling

e Higher-order operations on model transformers
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13.2.3 Learnability of Compositions

Currently, algebraic compositions are manually designed. Future work should
explore:

e Learning optimal compositions from data
e Neural architecture search in the algebraic space

e Gradient-based optimization of algebraic expressions

13.3 Future Directions
13.3.1 Algebraic Compilation

Develop compilers that optimize algebraic expressions:

# Before optimization
model = (a * ml + b * m2) @ pl @ p2 @ cl1 @ c2

# After algebraic optimization
model = (a * ml1 + b * m2) @ (pl . p2) @ (cl & c2)
# Composed operations are more efficient

13.3.2 Differentiable Algebra

Extend the algebra with differentiable operations:

Vaol((aM; + (1 — a)Ms)Qr) = g—g (47)

This would enable gradient-based optimization of algebraic structures.

13.3.3 Quantum Language Models

Explore quantum computing implementations where superposition naturally
represents mixtures:
) = a|M) + B|Mz) (48)

13.3.4 Algebraic Type Systems

Develop type systems for the algebra to ensure composition safety:

-- Type-safe composition

model :: Context -> Distribution
projection :: Context -> Context
constraint :: Distribution -> Distribution

composed :: Context -> Distribution
composed = model . projection >=> constraint
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14 Conclusion

We have presented a unified algebraic framework for language model composi-
tion that fundamentally reconceptualizes how we build and reason about lan-
guage models. By treating models, projections, and constraints as first-class
algebraic objects with well-defined composition operations, we enable:

1. Principled Composition: Complex models built from simple, well-
understood components through algebraic operations

2. Theoretical Foundations: A rigorous mathematical framework based
on category theory that provides tools for reasoning about composed sys-
tems

3. Practical Benefits: Improved factual accuracy, structural reliability, and
continuous learning capabilities demonstrated through extensive experi-
ments

4. Unified Understanding: Classical techniques (n-grams, grammars) and
modern approaches (neural models, constraints) understood as instances
of the same algebra

The Language Model Algebra represents a paradigm shift from monolithic
model training to compositional model engineering. Just as the development of
linear algebra revolutionized numerical computation, we believe algebraic frame-
works will transform how we build, understand, and deploy language models.

The experimental validation is compelling:

e Minimal grounding (5% n-gram): 83.4% accuracy vs 71.2% baseline

e Multi-source (7% total n-gram): 85.2% accuracy with real-time up-
dates

e Adaptation speed: 8 seconds vs 4.2 hours for fine-tuning
e Compute requirements: CPU-only vs GPU clusters

But the deeper impact lies in the paradigm shift. Instead of building ever-
larger models or complex retrieval systems, we can achieve remarkable improve-
ments through simple algebraic composition. A production system might look
like:

# This is the future: simple, interpretable, powerful
production_model = (

0.95 * state_of_the_art_llm +

0.05 * continuously_updated_ngrams

The implications extend beyond language models. Any Al system that bal-
ances pattern matching with generalization could benefit from algebraic com-
position. We envision:
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Vision models grounded in recent images

e Recommendation systems with real-time preference updates

Robotics policies anchored in demonstrated behaviors

Scientific models combining theory with observations

The Language Model Algebra transforms a complex engineering challenge
into a simple algebraic expression. The future isn’t about replacing large models
with complex architectures—it’s about grounding them with lightweight reality
anchors. The formula is simple: Big Model + Small Weight + Simple
N-gram = Reliable Al

In the end, the most profound insights are often the simplest. We don’t need
to revolutionize language models; we just need to ground them. Five percent is
enough.
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A Detailed Proofs

A.1 Proof of Monoidal Category Structure

Proof. We prove that LangMod forms a symmetric monoidal category.
Objects and Morphisms: Objects are language models M : C — D.

Morphisms are natural transformations preserving probabilistic structure.
Tensor Product: Define M; @ My = (M, + M,) (equal-weight mixture).

Associativity:
1.1
(My ® Ma) @ M3 = §(§(M1 + Mz) + Ms3) (49)
1 1 1
=-M - M- —M.
1 1+ 1 2+ 5 M3 (50)
1 1
My ® (M @ M3) = §(M1+§(M2+M3)) (51)
1 1 1
= iMl + ZMQ + ZMB (52)

The associator o, a,,m, Teweights to establish isomorphism.

Unit: The uniform distribution I satisfies I @ M =2 M = M ® 1.

Coherence: The pentagon and triangle diagrams commute by construction.
O
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A.2 Proof of Composition Laws

Proof. We prove key composition laws.
Distributivity over Addition:

(M + My)ar)(c) = (M + Ma)(r(c)) (53)
1 1

= 5 Mi(7(c)) + 5 Ma(r(c)) (54)

- %(Ml@w)(c) + %(Mz@ﬂ)(c) (55)

= ((M@n) + (My@r))(c) (56)

Associativity of Composition:

(M@ry)@my)(c) = (M@ )(ma(c)) (57)
= M(m1(m2(c))) (58)

= M((m 0 m3)(c)) (59)

= (MQ(m; om2))(c) (60)

O

B Implementation Details

B.1 Implementation Quality and Testing

The LangCalc framework maintains high code quality through comprehensive
testing and verification:

e Test Suite: 263 tests with 100% pass rate (228 unit tests, 35 integration
tests)

e Core Module Coverage: 95% test coverage on model_algebra.py, the
foundation of the algebraic framework

e Mathematical Property Verification: Automated tests verify asso-
ciativity, distributivity, commutativity, and identity properties

e Edge Case Testing: Comprehensive coverage of boundary conditions,
empty inputs, and error handling

e Integration Testing: End-to-end scenarios with Ollama LLM integra-
tion, multi-source grounding, and constraint composition

The test infrastructure ensures mathematical consistency and production
readiness:
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# Example: Algebraic property verification
def test_associativity():
"""Verify (a + b) + ¢ = a + (b + c)"""
a, b, ¢ = create_test_models (3)
left = (a + b) + ¢
right = a + (b + ¢)
assert_equivalent_distributions (left, right)

def test_distributivity():
"""Verify alpha*(a + b) = alpha*a + alphaxb"""
a, b = create_test_models (2)
alpha = 0.3
left = alpha * (a + b)
right = (alpha * a) + (alpha * b)
assert_equivalent_distributions (left, right)

This rigorous testing approach ensures that:

1. Algebraic laws hold: Composition operations satisfy mathematical prop-
erties

2. Edge cases handled: Empty contexts, zero weights, extreme tempera-
tures

3. Integration works: Real LLM integration via Ollama validated in tests

4. Performance verified: Suffix array efficiency and overhead measure-
ments

See tests/README.md and TEST_COVERAGE_SUMMARY .md for detailed coverage

analysis and test documentation.

B.2 Suffix Array Construction

class SuffixArray:

def __init__(self, corpus):
self .corpus = corpus
self.suffixes = self._build_suffix_array(corpus)
self .ngram_counts = self._compute_ngram_counts()

def _build_suffix_array(self, text):
# Build suffix array in 0(n log n)
suffixes = [(text[i:], i) for i in range(len(text))]
suffixes.sort ()
return [i for _, i in suffixes]

def query(self, context, n=5):
# Binary search for context in 0(log |corpus]|)
left = self._binary_search_left(context)
right = self._binary_search_right (context)
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# Extract continuation counts
continuations = defaultdict (int)
for i in range(left, right):
next_pos = self.suffixes[i] + len(context)
if next_pos < len(self.corpus):
next_token = self.corpus[next_pos]
continuations[next_token] += 1

return self._normalize(continuations)
def update(self, new_text):

# Dynamic update in O(lnew_text| log I|corpus]|)
for i in range(len(new_text)):

suffix = new_text[i:]

insert_pos = self._find_insert_position(suffix)

self .suffixes.insert (insert_pos, len(self.corpus
) + 1)

self.corpus += new_text

B.3 Constraint Implementation

class JSONSchemaConstraint:
def __init__(self, schema):
self.schema = schema
self.validator = JSONValidator (schema)

def apply(self, distribution, context):
# Get valid continuations
valid_tokens = set ()

for token in distribution.vocab:
potential = context + token

if self.validator.is_valid_prefix(potential):
valid_tokens.add (token)

# Apply mask
masked = distribution.copy ()
for token in distribution.vocab:
if token not in valid_tokens:
masked [token] = 0

# Renormalize
return masked.normalize ()

def __matmul__(self, other):
# Compose with model using @ operator
if isinstance (other, LanguageModel):
return ConstrainedModel (other, self)
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elif isinstance(other, Constraint):

return ComposedConstraint (self,

B.4 Algebraic Model Wrapper

class AlgebraicModel:

def

def

def

def

def

def

def

__init__(self, base_model):
self .base_model = base_model
__add__(self, other):

# Mixture with equal weights

return MixtureModel ([self, other],

__mul__(self, scalar):
# Weighted model

return WeightedModel (self, scalar)

__matmul__(self, transform):
# Composition

if isinstance(transform, Projection):

return ProjectedModel (self,

elif isinstance(transform, Constraint):
transform)

return ConstrainedModel (self,

rshift__(self, projection):

# Input projection (syntax sugar)

return self @ projection

__or__(self, other):

# For constraints: union

if isinstance(self, Constraint):
return UnionConstraint (self,

__and__(self, other):
# For constraints: intersection
if isinstance(self, Constraint):

other)

return IntersectionConstraint (self,

C Additional Experimental Results

C.1 Domain Adaptation Speed

C.2 Compositional Generalization

C.3 Interpretability Analysis
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Table 9: Time to Adapt to New Domain (90% of peak performance)

Method Adaptation Time Memory Required
Full Fine-tuning 4.2 hours 24 GB
LoRA Adaptation 18 minutes 8 GB
Retrieval Database 5 minutes 12 GB
Algebraic N-gram Update 8 seconds 0.5 GB

Table 10: Performance on SCAN Compositional Generalization

Model Length Split MCD Split
Baseline LLM 14.3% 8.2%
With Pattern Projection 67.8% 54.3%
With Algebraic Composition 82.4% 71.6%

Table 11: Interpretability Metrics

Model Attribution Decomposable Traceable
Black-box LLM No No No
Attention-based Partial No Partial
Algebraic Mixture Yes Yes Yes
With Projections Yes Yes Yes
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